ABSTRACT. Lattice polytopes which possess the integer decomposition property (IDP for short) turn up in many fields of mathematics. It is known that if the Cayley sum of lattice polytopes possesses IDP, then so does their Minkowski sum. In this paper, the Cayley sum of the order polytope of a finite poset and the stable set polytope of a finite simple graph is studied. We show that the Cayley sum of an order polytope and the stable set polytope of a perfect graph possesses a regular unimodular triangulation and IDP, and hence so does their Minkowski sum. Moreover, it turns out that, for an order polytope and the stable set polytope of a graph, the following conditions are equivalent: (i) the Cayley sum is Gorenstein; (ii) the Minkowski sum is Gorenstein; (iii) the graph is perfect.
INTRODUCTION
A lattice polytope is a convex polytope all of whose vertices have integer coordinates. For two lattice polytopes P, Q ⊂ R d , P + Q = {x + y : x ∈ P, y ∈ Q} is called the Minkowski sum of P and Q. In [21] , Oda posed the following fundamental question about Minkowski sums:
Question 0.1 ([21, Problem 1]). Let P ⊂ R d and Q ⊂ R d be lattice polytopes. When does the equation
In general, for two lattice polytopes P, Q ⊂ R d , the equation (1) does not necessarily hold, even in the special case P = Q. A lattice polytope P ⊂ R d possesses the integer decomposition property (IDP for short) if for any positive integer k ≥ 1, the equation
holds, where kP = {kx : x ∈ P} is the kth dilated polytope of P. A lattice polytope which possesses the integer decomposition property is called IDP. IDP polytopes turn up in many fields of mathematics such as algebraic geometry and commutative algebra, and they are particularly important in the theory and application of integer programing [25, §22.10] . We also consider another question about Minkowski sums:
In general, for two IDP lattice polytopes P, Q ⊂ R d , P + Q is not necessarily IDP (see [19, §4] ). For these two questions, to consider the integer decomposition property of Cayley sums is useful. Given two lattice polytopes P, Q ⊂ R d , the Cayley sum of P and Q, denoted by P * Q, is the convex hull of (P × {1}) ∪ (Q × {0}) ⊂ R d+1 . Then the following result is known:
Proposition 0.3 ([31, Theorem 0.4]). Let P, Q ⊂ R d be lattice polytopes. If P * Q is IDP, then P + Q is IDP and
On the other hand, we will show that if the Cayley sum possesses a regular unimodular triangulation, then so does the Minkowski sum (Theorem 2.2). Note that P and Q are facets of P * Q. Hence if P * Q is IDP (resp. has a regular unimodular triangulation), then each of P and Q is IDP (resp. has a regular unimodular triangulation).
In this paper, we discuss when the Cayley sum of two lattice polytopes is IDP. In particular, we focus on O P * Q G , where O P is the order polytope of a finite partially ordered set (poset for short) P = {p 1 , . . . , p d } and Q G is the stable set polytope of a finite simple graph on [d] := {1, . . . , d}. Recently, several classes of lattice polytopes arising from order polytopes and stable set polytopes have been studied ( [5, 14, 15, 24] ). In fact, those lattice polytopes are Gorenstein, which is an important property of lattice polytopes in commutative algebra, toric geometry and mirror symmetry. Moreover, in [14, 15, 24] , polyhedral characterizations of perfect graphs, which are important class in classical graph theory, are given. In this paper, by using an algebraic technique on Gröbner bases, we will prove the following theorem:
Theorem 0.4. Let P = {p 1 , . . . , p d } be a finite poset and G a finite simple graph on [d] . Then the codegree of O P * Q G is 2, the codegree of O P + Q G is 1, and the following conditions are equivalent:
The graph G is perfect. Moreover, if G is perfect, then we have the following:
(a) Each of O P * Q G and O P + Q G possesses a regular unimodular triangulation;
This paper is organized as follows: Section 1 will provide basic materials on order polytopes, chain polytopes, stable set polytopes, and Gorenstein polytopes, and the definition of the Ehrhart δ -polynomials of lattice polytopes. In Section 2, we will discuss the toric ideals of Minkowski sums and Cayley sums. We will show that if the toric ideal of a Cayley sum possesses a squarefree initial ideal, then that of the Minkowski sum also possesses a squarefree initial ideal (Theorem 2.2). In Section 3, we will investigate the toric ideal I O P * Q G of O P * Q G . In particular, we will show that I O P * Q G possesses a squarefree initial ideal with respect to a reverse lexicographic order if G is perfect (Theorem 3.2). In Section 4, we will study the Ehrhart δ -polynomial of O P * Q G (Theorem 4.1). In Section 5, we will complete the proof of Theorem 0.4. Finally, in Section 6, we will give some remarks about O P * O Q and Q G * Q H , where P, Q are finite partially ordered sets with |P| = |Q| = d and G, H are finite simple graphs on [d].
PRELIMINARY
In this section, we summarize basic materials on order polytopes, chain polytopes, stable set polytopes, and Gorenstein polytopes. First, we introduce two lattice polytopes arising from a finite poset. Let P = {p 1 , . . . , p d } be a finite poset. A poset ideal of P is a subset I ⊂ P such that if p i ∈ I and p j ≤ p i in P, then p j ∈ I. In particular, the empty set / 0 as well as P itself is a poset ideal of P. Let I (P) denote the set of poset ideals of P. An antichain of P is a subset A ⊂ P such that for all p i and p j belonging to A with i = j are incomparable in P. In particular, the empty set / 0 and each 1-element subset {p j } are antichains of P. Let A (P) denote the set of antichains of P. Given a subset X ⊂ P, we may associate ρ(X) = ∑ p j ∈X e j ∈ R d , where e 1 , . . . , e d are the standard coordinate unit vectors of R d . In particular, ρ( / 0) is the origin 0 of R d . Stanley [27] introduced two classes of lattice polytopes arising from finite posets, which are called order polytopes and chain polytopes. The order polytope O P of P is defined to be the lattice polytope which is the convex hull of {ρ(I) : I ∈ J (P)}. The chain polytope C P of P is defined to be the lattice polytope which is the convex hull of {ρ(A) : A ∈ A (P)}. It then follows that dim O P = dim C P = d. It is known that each of O P and C P possesses a regular unimodular triangulation and IDP.
Second, we recall a lattice polytope arising from a finite simple graph. Let G be a finite simple graph on 
such that for all i and j belonging to C with i = j, one has {i, j} ∈ E(G). Let us note that a clique of G is a stable set of the complementary graph G of G. The chromatic number of G is the smallest integer t ≥ 1 for which there exist stable sets S 1 , . . . , S t of G with
A finite simple graph G is said to be perfect ( [6] ) if, for any induced subgraph H of G including G itself, the chromatic number of H is equal to the maximal cardinality of cliques of H. Now, we introduce the stable set polytopes of finite simple graphs. Let S(G) denote the set of stable sets of G. Then one has / 0 ∈ S(G) and {i} ∈ S(G)
, we associate ρ(X) = ∑ j∈X e j ∈ R d . The stable set polytope Q G of G is defined to be the lattice polytope which is the convex hull of {ρ(S) : S ∈ S(G)}. Then one has dim Q G = d. Moreover, it is known that every chain polytope is the stable set polytope of a perfect graph. If G is a perfect graph, then Q G possesses a regular unimodular triangulation and IDP. However, if G is not perfect, then Q G is not necessarily IDP (see [20] ).
Next, we recall what Gorenstein polytopes are. A lattice polytope P ⊂ R d of dimension d is called reflexive if the origin of R d belongs to the interior of P and if the dual polytope P ∨ = {x ∈ R d : x, y ≤ 1, ∀y ∈ P} is again a lattice polytope. Here x, y is the canonical inner product of R d . It is known that reflexive polytopes correspond to Gorenstein toric Fano varieties, and they are related to mirror symmetry (see, e.g., [1, 7] ). The existence of a unique interior lattice point implies that in each dimension there exist only finitely many reflexive polytopes up to unimodular equivalence ( [18] ), and all of them are known up to dimension 4 ( [17] ). A lattice polytope P ⊂ R d of dimension d is called Gorenstein of index r if rP is unimodularly equivalent to a reflexive polytope. Gorenstein polytopes are of interest in combinatorial commutative algebra, mirror symmetry, and tropical geometry (we refer to [2, 3, 16] ).
We now introduce an important invariant of a lattice polytope. Let, in general, P ⊂ R d be a lattice polytope of dimension d. The Ehrhart δ -polynomial of P is the polynomial
Then the degree of δ (P, λ ) is at most d, and each coefficient of δ (P, λ ) is a nonnegative integer ( [28] ). In addition δ (P, 1) coincides with the normalized volume of P, denoted by Vol(P). Moreover, if
The codegree d + 1 − s is the smallest positive integer such that P has an interior lattice point. Hence one can compute the codegree of P by finding a positive integer such that ( − 1)P has no interior lattice points and P has an interior lattice point. It is known that P is Gorenstein of index r if and only if the codegree of P is r and δ i = δ s−i for i = 0, . . . , s. Refer the reader to [4] and [11, Part II] for the detailed information about Ehrhart δ -polynomials.
Finally, we introduce important facts on the toric ideal I P of a lattice polytope P. It is known that there exists a one-to-one correspondence between regular triangulations of P and the radical of the initial ideal of I P . Moreover, the regular triangulation is unimodular if and only if the corresponding initial ideal is generated by squarefree monomials. See, e.g., [9, 12, 29] for basic facts on toric ideals together with Gröbner bases, and their application to lattice polytopes.
GRÖBNER BASES OF TORIC IDEALS OF
. . , a n }. Then, the toric ring of P is the subalgebra
denote the polynomial ring in n variables over K. The toric ideal I P of P is the kernel of the surjective homomorphism π :
It is known that I P is generated by homogeneous binomials. One of the significance of Gröbner bases of toric ideals is due to the following fact.
If the toric ideal I P possesses a squarefree initial ideal, then P has a regular unimodular triangulation and IDP.
We recall the definition of the Cayley sum of several lattice polytopes. Given lattice polytopes P 1 , . . . , P m ⊂ R d (m ≥ 2), the Cayley sum P 1 * · · · * P m ⊂ R d+m−1 of P 1 , . . . , P m is the convex hull of
Now, we consider Gröbner bases of toric ideals of P 1 * · · · * P m and
If the toric ideal I P 1 * ··· * P m possesses a squarefree initial ideal of degree at most , then I P 1 +···+P m possesses a squarefree initial ideal of degree at most , and both P 1 * · · · * P m and P 1 + · · · + P m have a regular unimodular triangulation and IDP.
Proof. Suppose that I P 1 * ··· * P m possesses a squarefree initial ideal of degree at most .
By Proposition 2.1, the existence of a squarefree initial ideal guarantees that 
Hence the toric ideal of A [B 1 , . . . , B m ] is equal to I P 1 +···+P m . Thus by [26, Theorem 3.5] , I P 1 +···+P m has a squarefree initial ideal of degree ≤ .
A GRÖBNER BASE OF
In this section, we will show that the toric ideal I O P * Q G possesses a squarefree initial ideal with respect to a reverse lexicographic order if G is perfect.
The dual poset (P * , ≤ P * ) of a poset (P, ≤ P ) is the poset on the set P * = P such that s ≤ P * t if and only if t ≤ P s. For finite posets (P, ≤ P ) and (Q, ≤ Q ) with P ∩ Q = / 0, the ordinal sum of P and Q is the poset (P ⊕ Q, ≤ P⊕Q ) on P ⊕ Q = P ∪ Q such that s ≤ P⊕Q t if (a) s,t ∈ P and s ≤ P t, or (b) s,t ∈ Q and s ≤ Q t, or (c) s ∈ P and t ∈ Q. Two lattice polytopes P ⊂ R d and Q ⊂ R d are said to be unimodularly equivalent if there is an affine map f :
Lemma 3.1. Let P = {p 1 , . . . , p d } be a finite poset and let Q ⊂ R d be a lattice polytope containing the origin. Then O P * Q is unimodularly equivalent to conv{O P ∪ (−Q × {0})}, where P = {p d+1 } ⊕ P * .
Here, E d is an identity matrix. It then follows that f (
∪ {z}] denote the polynomial ring over K and define the surjective ring homomorphism π :
, s] by the following:
• π(x I ) = t ρ(I) t d+1 s, where I ∈ J (P);
Then the toric ideal I O P * Q G is the kernel of π. Let < P,G denote a reverse lexicographic order on R P,G induced by an ordering of variables such that
• z < P,G y S < P,G x I for any S ∈ S(G) \ { / 0} and I ∈ J (P); • x I < P,G x I for any I, I ∈ J (P) such that I I; • y S < P,G y S for any S, S ∈ S(G) \ { / 0} such that S S. It is known [10] that G P = {x I x I − x I∩I x I∪I : I, I ∈ J (P), I ⊂ I , I ⊃ I } is the reduced Gröbner basis of I O P with respect to a reverse lexicographic order induced by < P,G . Here we regard x / 0 as z. The initial ideal of I O P is generated by squarefree quadratic monomials {x I x I : I, I ∈ J (P), I ⊂ I , I ⊃ I }.
Let G G be the reduced Gröbner basis of I Q G with respect to a reverse lexicographic order induced by < P,G . It is known [22, Example 1.3 (c)] that the initial ideal of I Q G with respect to any reverse lexicographic order is squarefree if G is perfect. Let G = {x I y S − x I∪{s} y S\{s} : s ∈ S \ I, I ∪ {s} ∈ J (P)}. . Then G P ∪ G G ∪ G defined above is a Gröbner basis of I O P * Q G with respect to a reverse lexicographic order < P,G . Moreover, the initial ideal of I O P * Q G is squarefree with respect to < P,G .
Proof. In order to use Lemma 3.1, we consider the polytope P = conv{O P ∪ (−Q G )}, where P = {p d+1 } ⊕ P * and G is a graph on
Since G is perfect, it is easy to see that G is perfect. Let
denote the polynomial ring over K and define the surjective ring homomorphism π :
Then the toric ideal I P is the kernel of π . Let < rlex denote a reverse lexicographic order on R P , G induced by an ordering of variable such that
• z < rlex y S < rlex x I for any S ∈ S( G) \ { / 0} and I ∈ J (P ) \ { / 0}; • x I < rlex x I for any I, I ∈ J (P ) \ { / 0} such that I I; • y S < rlex y S for any S, S ∈ S( G) \ { / 0} such that S S.
In [14, Proof of Proposition 3.1], it was shown that
Gröbner basis of I P with respect to < rlex , where
∪ {z}] is the reduced Gröbner basis of I Q G with respect to a reverse lexicographic order induced by < rlex . (Here, we regard x / 0 and y / 0 as z.) Moreover, the corresponding initial ideal in < rlex (I P ) is squarefree. Since the vertex d + 1 is adjacent to all other vertices in G, d + 1 belongs to S ∈ S( G) if and only if S = {d + 1}. It then follows that y {d+1} does not appear in G G . Moreover, we have S \ {s} = {d + 1} if s ∈ S ∈ S( G). Hence y {d+1} appears only in a binomial x {p d+1 } y {d+1} − z 2 ∈ G whose initial monomial is the first monomial. By the elimination theorem [9, Theorem 1.4.1], the set G \ {x {p d+1 } y {d+1} − z 2 } is a Gröbner basis of I P with respect to < rlex , where P = conv{O P ∪ (−Q G × {0})}.
Thus by Lemma 3.1, a Gröbner basis of I O P * Q G with respect to < P,G is obtained by replacing variable x I with the variable x P\I in G \ {x {p d+1 } y {d+1} − z 2 }.
From Theorem 2.2, we immediately obtain the following corollary:
Corollary 3.3. Let P = {p 1 , . . . , p d } be a finite poset and G a perfect graph on [d] . Then I O P +Q G possesses a squarefree initial ideal with respect to a reverse lexicographic order and both O P * Q G and O P + Q G have a regular unimodular triangulation and IDP.
Let P = {p 1 , . . . , p d } and Q = {q 1 , . . . , q d } be finite posets. Let G be the comparability graph of Q. It is known that G is perfect and the chain polytope C Q ⊂ R d of Q is the stable set polytope Q G ⊂ R d of G. Hibi-Li [13] proved that the reduced Gröbner basis G G of I Q G with respect to a reverse lexicographic order induced by < P,G consists of quadratic binomials. Thus we have the following by combining Theorems 2.2 and 3.2. {p 1 , . . . , p d } be a finite poset and G a perfect graph on [d] . In this section, we will study the Ehrhart δ -polynomial of O P * Q G . For lattice polytopes P, Q ⊂ R d , let Γ(P, Q) = conv{P ∪ (−Q)}. In [15] , it was shown that the polytope Γ(O P , Q G ) is a reflexive polytope with IDP and
THE EHRHART
holds. Using this fact, we have the following. 
In particular, O P * Q G is Gorenstein of index 2 and
Proof. By Lemma 3.1, O P * Q G is unimodularly equivalent to
where P = {p d+1 } ⊕ P * . Work with the same notation as in Proof of Theorem 3.2. It was proved that
is a Gröbner basis of I P with respect to < rlex , where
where
∪ {z}] is the reduced Gröbner basis of I Q G with respect to a reverse lexicographic order induced by < rlex . Note that I ∈ J (P ) is not empty if and only if p d+1 ∈ I. Hence we have
where x I = x I∪{p d+1 } for each I ∈ J (P * ). Moreover, since the variable y {d+1} does not
is the reduced Gröbner basis of I Q G with respect to a reverse lexicographic order induced by < rlex . Then one can obtain a Gröbner basis of I Γ(O P * ,Q G ) by replacing the variable x / 0 (= x {p d+1 } ) with z in G from [14, Proof of Proposition 3.1]. Since the variable x {p d+1 } does not appear in the initial monomial of the binomials in G , the initial ideals of I P and I Γ(O P * ,Q G ) have the same minimal set of monomial generators. Hence
is isomorphic to
In general, if a lattice polytope P is IDP, then the Ehrhart δ -polynomial of P coincides with the h-polynomial h(K[P], λ ) of the toric ring
by [15, Theorem 1.4] and
A linear extension of a poset On the other hand, there is a characterization for a vertex of the dual polytope of a lattice polytope P ⊂ R d of dimension d containing the origin in its interior. Proof of Theorem 0.4. Since O P * Q G ⊂ R d+1 has no interior lattice points and
is in the interior of 2(O P * Q G ), the codegree of O P * Q G is 2. On the other hand,
and hence the codegree of O P + Q G is 1. The implication (iii) ⇒ (i) was given in Theorem 4. 
i=1 e i is not reflexive. First, we suppose G has an odd hole C of length 2 + 1, where ≥ 2. By renumbering the vertex set of G, we may assume that the edge set of C is {{i, i + 1} : 1 ≤ i ≤ 2 } ∪ {1, 2 + 1}. Then the hyperplane H ⊂ R d+1 defined by the equation z 1 + · · · + z 2 +1 − ( + 1)z d+1 = is a supporting hyperplane of P. Let F be a facet of P with H ∩ P ⊂ F and a 1 z 1 + · · · + a d+1 z d+1 = 1 with each a i ∈ R the equation of the supporting hyperplane H ⊂ R d+1 with F ⊂ H . The maximal stable sets of C are it follows that a 1 = · · · = a 2 +1 and hence −a 1 − (a 2 +2 + · · · + a d+1 ) = 1. Moreover, since a 1 + · · · + a d+1 = 1, one has (2 + 1)a 1 + a 2 +2 + · · · + a d+1 = 1. Thus we have a 1 = 1/ / ∈ Z. This implies that P is not reflexive. Next, we suppose that G has an odd antihole C such that the length of C equals 2 + 1, where ≥ 2. Similarly, we may assume that the edge set of C is {{i, i + 1} : 1 ≤ i ≤ 2 } ∪ {1, 2 + 1}. Then the hyperplane H ⊂ R d+1 defined by the equation z 1 + · · · + z 2 +1 − (2 − 1)z d+1 = 2 is a supporting hyperplane of P. Let F be a facet of P with H ∩ P ⊂ F and a 1 z 1 + · · · + a d+1 z d+1 = 1 with each a i ∈ R the equation of the supporting hyperplane H ⊂ R d+1 with F ⊂ H . Then since the maximal stable sets of C are the edges of C, for each edge {i, j} of C, we have
It then follows that a 1 = · · · = a 2 +1 and hence −(2 − 3)a 1 − (a 2 +2 + · · · + a d+1 ) = 1. Moreover, since a 1 + · · · + a d+1 = 1, one has (2 + 1)a 1 + a +2 + · · · + a d+1 = 1. Hence a 1 = 1/2 / ∈ Z. This implies that P is not reflexive.
REMARKS
In this section, we will give some remarks about O P * O Q and Q G * Q H , where P and Q are finite partially ordered sets with |P| = |Q| = d and G and H are finite simple graphs on By Lemma 3.1, the Cayley sum O P * O Q is unimodularly equivalent to the convex hull of (O P * ×{1})∪(−O Q ×{0}). The convex hull of (2O P ×{1})∪(−2O Q ×{−1}), which is unimodularly equivalent to 2 · conv((O P × {1}) ∪ (−O Q × {0})), was studied in [5] . In particular, by [ Figure 1 . Then C P * C Q is not IDP. On the other hand, C P + C Q is IDP. FIGURE 2. P and Q such that C P + C Q is not IDP.
